Analysis of Algorithms
CS477/677

Instructor: Monica Nicolescu
Lecture 24



Lemma

A directed graph is acyclic < a DFS on G
yields no back edges.

Proof:

(U, v)
“=": acyclic = no back edge
— Assume back edge = prove cycle
— Assume there is a back edge (u, v)
= Vv is an ancestor of u
= there is a path fromvtouin G (v0Ou)

= v [ u + the back edge (u, v) yield a cycle
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Lemma

A directed graph is acyclic <= a DFS on G
yields no back edges. 4
Proof:
“—": no back edge = acyclic
— Assume cycle = prove back edge

— Suppose G contains cycle c

— Let v be the first vertex discovered in ¢, and (u, v) be
the preceding edgein c

— At time d[v], vertices of c form a white path v 0 u

— u is descendant of v in depth-first forest (by white-
path theorem)

= (U, v) is a back edge

(U, v)

u
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Strongly Connected Components

Given directed graph G = (V, E):

A strongly connected component (SCC) of G
IS @ maximal set of vertices C < V such that
for every pair of vertices u, v € C, we have
both ulvandvlu.

3/4 1/12 \

2/5 10/11 /
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The Transpose of a Graph

* G" = transpose of G

— G"is G with all edges reversed
-G =(V,E) E"={(u,v):(v,u) € E}

* If using adjacency lists: we can create G' in
O(|V| + |E|) time

Ut O
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Finding the SCC

* Observation: G and G™ have the same SCC’s

— u and v are reachable from each other in G < they
are reachable from each other in GT

* Idea for computing the SCC of a graph G = (V, E):

— Make two depth first searches: one on G and one on
GT
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STRONGLY-CONNECTED-COMPONENTS(G)

1. call DFS(G) to compute finishing times f[u]
for each vertex u

2. compute GT

3. call DFS(GT), but in the main loop of DFS,
consider vertices in order of decreasing f[u]
(as computed in first DFS)

4. output the vertices in each tree of the depth-
first forest formed in second DFS as a
separate SCC
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e f g h

DFS on the initial graph G

b e a cdgghf
11 11 9 7 64
6 5 4 0
DFS on G™

start at b: visit a, e
start at c: visit d
start at g: visit f
start at h

Strongly connected components: C, ={a, b, e}, C, ={c, d}, C; ={f, g}, C, = {h}
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Component Graph
a b C d o

e f g h
* The component graph G>¢¢ = (V>¢¢, ESCC):
— V¢ ={v,, v,, ..., V.}, where v, corresponds to each
strongly connected component C,

— There is an edge (v, v;) € B> if G contains a
directed edge (x, y) forsome x € C;andy € C

* The component graph is a DAG
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Lemma 1

Let C and C' be distinct SCC's in G
Letu,ve C andu, v el
Suppose thereisapathulu'in G

Then there cannot also be a pathv' 0 vin G.

Proof C C

Suppose thereisa pathv' v
There existsu du' OV
There existsv' v u

u and V' are reachable from
each other, so they are not in

separate SCC's: contradiction!
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Problem

Minimum Spanning Trees

A town has a set of houses
and a set of roads

A road connects 2 and only ,_
2 houses e

A road connecting houses u and v has a repair cost
w(u, V)

Goal: Repair enough (and no more) roads such

1.

2.

that:

Everyone stays connected: can reach every house
from all other houses, and

Total repair cost is minimum
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Minimum Spanning Trees

* Aconnected, undirected graph:
— Vertices = houses, Edges = roads

*  Aweight w(u, v) on each edge (u,v) € E

Find T € E such that:

1. T connects all vertices

2. W(T) =2, ,er W(U, V) is

minimized
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Minimum Spanning Trees

* Tforms a tree = spanning tree

* Aspanning tree whose weight is minimum
over all spanning trees is called a minimum
spanning tree, or MST.
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Properties of MSTs

*  Minimum spanning trees are not unique

— Canreplace (b, c) with (a, h) to obtain a different
spanning tree with the same cost

* MST have no cycles

— We can take out an edge

of a cycle, and still have all

1
vertices connected while reducing the cost

* # of edgesina MST:
AL
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Growing a MST

Minimum-spanning-tree problem: find a MST for a
connected, undirected graph, with a weight function
associated with its edges

A generic solution:

* Build a set A of edges (initially
empty)
* Incrementally add edges to A such

that they would belong to a MST V\(/je will add only safe
edges
* An edge (u, v) is safe for A if and only

if Al {(u, v)}is also a subset of some
MST - greedy choice property
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GENERIC-MST

1. A« O
2. while A is not a spanning tree

3. do find an edge (u, v) that is safe for A
4, A< AU {(u, v)}

5. return A

* How do we find safe edges?

CS 477/677 - Lecture 24 16



Finding Safe Edges

Let's look at edge (h, g)

— Isit safe for Ainitially?

Later on:;

Let S < V be any set of vertices that includes h but
not g (sothatgisinV-5S)

In any MST, there has to be one edge (at least) that
connects SwithV-S

Why not choose the edge with minimum weight
(h,9)?
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Discussion

In GENERIC-MST:

* Ais aforest containing connected
components
— Initially, each component is a single vertex

* Any safe edge merges two of these
components into one

— Each component is a tree

* Since an MST has exactly |V| - 1 edges: after
iterating | V| - 1 times, we have only one
component
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The Algorithm of Kruskal

* Start with each vertex being its
own component

* Repeatedly merge two
components into one by
choosing the light edge that

connects them We would add
edge (c, f)

* Scan the set of edges in monotonically increasing order
by weight

* Uses a disjoint-set data structure to determine whether
an edge connects vertices in different components
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Operations on Disjoint Data Sets

* MAKE-SET(u) - creates a new set whose only
member is u

* FIND-SET(u) - returns a representative element
from the set that contains u

— May be any of the elements of the set that has a
particular property

— E.g.: S, =1, s, t, u}, the property may be that the
element is the first one alphabetically
FIND-SET(u) =r FIND-SET(s)=r
— FIND-SET has to return the same value for a given set
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Operations on Disjoint Data Sets

* UNION(u, v) - unites the dynamic sets that

containuandv,sayS,and S,

—E.g.:S,={rs, tu}, S,={v. x, y}
UNION (u, v) ={r, s, t, u, v, X, y}
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KRUSKALC(V, E, w)

A< O
for each vertexve Vv

do MAKE-SET(v)
sort E into increasing order by weight w
for each (u, v) taken from the sorted list

do if FIND-SET(u) & FIND-SET(Vv)
then A <« Al {(u, v)}
UNION(u, v)

W oo NN EWDN=

return A

Running time: O(|E| Ig|V|) - dependent on the
implementation of the disjoint-set data structure
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1. Add(h,g)  {g h} {a} {b} {c} {d}, {e}, {f}, {i}
2. Add(c, i) {9, h}, {c, i}, {a}, {b}, {d}, {e}, {f}
3. Add(g,f) {9 h f}{c i} {a} {b}, {d}, {e}
4. Add (a, b) {g, h, f}, {c, i}, {a, b}, {d}, {e}
5. Add (c, f) {g, h, f, c, i}, {a, b}, {d}, {e}
6. Ignore(i,g) {g, h f c i} {a b}, {d} {e}
7. Add (c, d) {g, h, f, ¢, i, d}, {a, b}, {e}
1: (h, Q) 8:(a, h), (b,c) 8. Ignore(i,h) {g hfci d}{a, b} {e}
2:(c, i), (g, f) 9:(d, e) 9. Add(a,h)  {g,hfcid, a b} {e}
4:(a, b), (c, f) 10: (e, f) 10 Ignore (b, €) {g, h,f ¢ i, d,a, b} {e}
6: (i, 9) 11: (b, h) . Add (d,e) {g.hfcidab,e}
7:(c, d), (i, h) 14:(d, f) 12. Ignore (e, f) (g, h fcid a b, e}
13. Ignore (b, h) {g, h,f cid,a, b, e}
{a}, {b}, {c}, {d}, {e}, {f}, {g}, {h}, {i} 14 Ignore (d, f) (g, h f c i d,a b, e}
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The Algorithm of Prim

The edges in set A always form a single tree

Starts from an arbitrary “root”. V, = {a}

At each step:

— Find a safe edge connecting (V,, V-V,)
— Add this edge to A

— Repeat until the tree spans all vertices

Greedy strategy

— At each step the edge added contributes the minimum amount

possible to the weight of the tree
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How to Find Light Edges Quickly?

8 ()7

Use a priority queue Q:

* Contains all vertices not yet
included in the tree (V-V,)
—V={a},Q={b,h,cdefaq,i}

* With each vertex v we associate a key:

key[v] = minimum weight of any edge (u, V)
connecting v to a vertex in the tree

d
N 9

14

10

1T 92

— Key of vis » if vis not adjacent to any vertices in V,

— After adding a new node to V, we update the weights of all the

nodes adjacent to it
— We added node a = key[b] = 4, key[h] =8
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PRIM(V, E, w, r)

1. Qe @

2. foreachueV

3 do key[u] « o

4 Tt[u] « NIL

5. INSERT(Q, u)

6. DECREASE-KEY(Q, r, 0) 0 00 00 00 00 00 CO 0O 00
/. while Q79 Q={a b,cdefqg,h,i}
8 do u « EXTRACT-MIN(Q) V,=0

9. for each v € Adj[u] Extract-MIN(Q) = a

10. do if v € Q and w(u, v) < key[V]

11. then 1i[v] « u

12. DECREASE-KEY(Q, v, w(u, V))
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O o© oo 000 o0 oo o 0o
Q={a, b,cdefqgh,i}
V,= @

Extract-MIN(Q) = a

key [b]=4 m[b]=a
key [h] =8 1m[h]=a

4 o0 00 00 00 8
Q={b,c,d e f g h i} V,={a}
Extract-MIN(Q) = b
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Example

key [c] = 8 m[c]=Db
key [h] =8 mfh]=a-

unchanged

8 00 00 0 0 8 o
Q={c,d e f g hi} V,={a, b}
Extract-MIN(Q) = ¢

ey [d] =7 m[d]=c
ey [f1=4 m[fl]=c
Key [i] =2 m[i]=c
/oo 4o 82
Q={d, e f, g hi} V,={a, b, c}
Extract-MIN(Q) = |
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Example

key[h]=7  m[h]=i
key [g] =6 m[g] =i
(¢) Q={d,e f g h V.={a b,c i}

Extract-MIN(Q) = f

key [g] = 2 m[g]=f
key [d] = 7 m[d] =c

unchanged
key [e] =10 Ife]=f
7102 7
Q={d, e, g h} V,={a, b, cif}
cs a77igzxtraate MIN(Q) = g 29




Example

key [h] = 1 m [h] =
210 710 1
G Q={d,e,h} V,={a,b,cif g}
19 Extract-MIN(Q) = h

710
210 Q={d,e} V,={a, b, ¢if g h}
e Extract-MIN(Q) = d
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key [e]=9 m[e]=d

Extract-MIN(Q) = e
Q=0 V,={a, b, ¢ if g hd e}
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PRIM(V, E, w, r)

1.
2

3

4
5.
6

7
8.
9.
10.

11.
12.

Qe O ) Total time: O(VIgV + ElgV) = O(ElgV)
foreachu eV
do key[u] « « > O(V) if Q isimplemented as a
min-heap
Ti[u] « NIL
INSERT(Q, u)

DECREASE-KEY(Q, r, 0) > key[r] « O

whileQ 70 . Executed V times } Min-heap

operations:

do u < EXTRACT-MIN(Q) «— Takes O(lgV) O(VigV)
for each v € Adj[u] «—— Executed O(E) times

do if v € Q and w(u, v) < key[V] «—— constant >~O(ElgV)

then mi[v] < u , Takes O(IgV) |

DECREASE-KEY({), Vv, W(u, Vv))
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Readings

* Chapters 25, 31
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optional

ADDITIONAL SLIDES
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Notations

* Extend notation for d (starting time) and f
(finishing time) to sets of vertices U € V:
— d(U) = min ., { d[u] } (earliest discovery time)
— f(U) = max , { f[u] } (latest finishing time)

d(C,) =11
f(C,) =16

4
d(C,) =2 d(C,) =5
f(C,) =7 f(C,) =6

CS 477/677 - Lecture 24 35



Lemma 2

Let C and C' be distinct SCCs in a directed graph
G =(V, E). If there is an edge (u, v) € E, where u
& Cand v € C' then f(C) > f(C".

Consider C, and C,, connected by edge (b, ¢)

d(C,) =11
f(C,) =16

4
d(C,) =3 d(C,) =5
f(C) =7 f(C,) =6
CS 477/677 - Lecture 24 36



Corollary

* Let Cand C' be distinct SCCs in a directed graph
G =(V, E). If there is an edge (u, v) € ET, where u
€ Candv € C' then f(C) < f(C).

* Consider C, and C,, connected by edge (c, b)

C,=C C,

=C < Since (¢, b) EFET
a b C d

= (b, c) € E

* From previous
lemma:

e f g h f(C1) > f(Cz)
: G f(C)>f(C)
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Discussion

f(C) <1(C)
* Each edge in G™ that goes between different

components goes from a component with an
earlier finish time (in the DFS) to one with a

later finish time

C,=C C,
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Why does SCC Work?

* When we do the second DFS, on GT, we start with a
component C such that f(C) is maximum (b, in our case)

* We start from b and visit all vertices in C,

* From corollary: f(C) > f(C’) for all C 5/C' = there are no
edges from C to any other SCCs in GT

= DFS will visit only vertices in C,
= The depth-first tree rooted at b contains exactly the

vertices of C, C. C,
a b C d
e a cdghtff
1119 7 64
5 5 4 0
e C3f g h C4
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Why does SCC Work? (cont.)

* The next root chosen in the second DFS is in SCC C, such
that f(C) is maximum over all SCC's other than C,

* DFS visits all vertices in C,
— the only edges out of C, go to C,, which we already visited

= The only tree edges will be to vertices in C,

* Each time we choose a new root it can reach only:

— vertices in its own component
— vertices in components already visited C,
C3

a b C d
d g hf
9 7 6 4

e f g h G
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Lemma 1

Let C and C' be distinct SCC's in G
Letu,ve C andu, v el
Suppose thereisapathulu'in G

Then there cannot also be a pathv' 0 vin G.

Proof C C

Suppose thereisa pathv' v
There existsu du' OV
There existsv' v u

u and V' are reachable from
each other, so they are not in

separate SCC's: contradiction!
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Definitions

* Acut(S,V-5)
IS @ partition of vertices into

SO | 0s
disjointsetsSandV-S VoS D

* An edge crosses the cut
(S, V-S)if one endpointisin S and the otherinV -S

* A cut respects a set A of edges < no edge in A crosses
the cut

* An edge is a light edge crossing a cut < its weight is
minimum over all edges crossing the cut
— For a given cut, there can be several light edges crossing it
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Theorem

* Let A be a subset of some MST, (S, V -S) be a
cut that respects A, and (u, v) be a minimum
weight edge crossing (S, V- S). Then (u, v) is
safe for A.

Proof:

* LetT be a MST that includes A

— Edges in A are shaded

* Assume T does not include

the edge (u, v)

* Idea: construct another MST T

that includes A J {(u, v)}
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Theorem - Proof

* T contains a unique path p between u and v

* (u, V) crosses the cut = path p
must cross the cut (S, V - S) at least
once: let (x, y) be that edge

* Let'sremove (X, y) = breaks T into

two components.

* Adding (u, v) reconnects the components

T'=T-{x y)} Ulu, v);
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Theorem - Proof (cont.)

T'=T-{xy)}Uu, V)

Have to show that T' is a MST:

(u, v) is a light edge

= W(U, V) = w(X, Y)

w(T ") = w(T) - w(x, y) + w(u, V)
< w(T)

Since T is a minimum spanning tree:

w(T) = wW(T')=T must be an MST as well
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Theorem - Proof (cont.)

Need to show that (u, v) is safe for A:

l.e., (U, v) can be a part of a MST e

*AcTand(x,yY) EA=>ACT
* AUA{(u,veT
* Since T isan MST

= (U, V) is safe for A
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